Abstract-Generalized Processor Sharing (GPS) is an important scheduling discipline because it enables bandwidth sharing with work conservation and traffic isolation properties. While Markov Modulated Fluid Processes (MMFP) capture the dynamics of the sources, the analysis of such sources with a GPS server is difficult because of the large state space. In this paper, we study a multi-queue GPS system with MMFP classes and propose a scalable, low complexity algorithm for the tail distributions of the logical queues. The effective bandwidth of the classes and a simple Connection Admission Control (CAC) scheme are derived. Numerical results illustrate the efficiency and accuracy of the technique. The application to an example system of classes consisting of voice and variable-bitrate (VBR) video traffic is included.
I. INTRODUCTION
The main objective for next generation networks is the accommodation of a variety of services with different traffic characterizations and Quality of Service (QoS) requirements. Scheduling is used in switches and routers to enforce service differentiation. Among the scheduling disciplines, Generalized Processor Sharing (GPS), along with its variants such as Weighted Round Robin, has such desirable properties as bandwidth sharing and fairness provisioning. It is an efficient and controllable mechanism to support different service classes.
GPS has been widely studied [1] - [6] . Most previous work take bounding approaches and focuses on general arrival processes, with deterministic or stochastic settings. GPS systems are studied with various source characterizations, such as Poisson with symmetric service sharing [1] , leaky bucket regulated sources [2] , exponential bounded burstiness source [3] , and long-tailed sources [4] . By the notion of feasible ordering/partitioning, a GPS system can be transformed to a priority system and hence performance bounds are obtained [2] [3] . A queue decomposition technique is proposed in [3] to decouple the service. These results are generally expected to be loose since the finer dynamics of the sources are not exploited [5] . In this paper we study a multi-queue GPS sysThis work was supported in part by the New York State Center for Advanced Technology in Telecommunications (CATT) at Polytechnic University, and also in part by the National Science Foundation under Grants 0081527 and 0081357.
tem with Markov Modulated Fluid Process (MMFP) classes. It is well known that data traffic is self-similar, which poses a great challenge to network control and QoS provisioning. On the other hand, Markovian processes have been widely used to model network traffic and are efficient in modeling Voice over IP traffic. Previous work shows that Long Range Dependent traffic, such as VBR video, can be adequately approximated by Short Range Dependent traffic models for traffic engineering purposes [7] [8] [9] . This makes it possible to investigate certain aspects of the impact on the performance of the long-range correlation structure within the confines of traditional Markovian analysis [10] .
In order to analyze a GPS system with MMFP sources, two basic questions should be answered: 1. How to de-couple the service, since the service a class receives depends on not only its own queue, but also all other logical queues? 2. How to design a scalable algorithm to handle a large number of classes, since with MMFP sources, the state space scales up exponentially with the number of classes?
In this paper, we introduce a scalable technique for deriving the tail distribution of a MMFP class in GPS systems. First we adopt the queue decoupling technique used in [5] . We get the departure processes of all other queues using their guaranteed service [11] , and use them to modulate the service of the queue under study. This is equivalent to a MMFP/MMFP/1 system. Instead of solving this system directly, we apply a technique to transform the MMFP/MMFP/1 to the more tractable MMFP/D/1 queue. Then the Chernoff-Dominant eigenvalue approximation in [11] can be applied and the tail of the class is found. Large systems, which are very hard to handle with exact analysis, can be solved asymptotically with manageable computational effort using this technique. The tails can be calculated with reasonable accuracy and far less computational complexity. We also derive the Effective Bandwidth of the MMFP classes based on the approximation and a simple Connection Admission Control (CAC) scheme is designed.
The rest of the paper is organized as follows: in Section II, the system model and background, including a brief review of the key results in [5] and [13] which we will use, are presented. In Section III we introduce the scalable algorithm, and derive the effective bandwidth of the MMFP classes with a GPS server. Numerical studies are presented in Section IV. Section V presents our future work and conclusions.
II. PRELIMINARIES AND BACKGROUND

A. The System Model
GPS is a work conserving scheduling discipline in which N traffic classes share a deterministic server with rate [2] - [6] . There is a set of parameters , ½, , AE, called GPS weights. Each class is guaranteed a service rate , and the residual service of the non-backlogged classes is distributed to the backlogged classes in proportion to their weights.
The system is shown in Fig.1 We are interested in the tail distribution of class 's queue occupancy, which upper bounds the loss class experiences in a finite buffer system and can also be used to bound its delay distribution.
... 
B. A Service Bound
In [5] Lo Presti, Z. Zhang and D. Towsley proposed an approximate lower bound for the service that a class receives in a multi-queue GPS system with MMFP classes (LZT bound), which de-couples the correlated GPS service.
It takes two steps to obtain the LZT bound.
Step 1 : The departure process of each class, Ö ¼ ´Øµ, is obtained while assuming the service rate is . Note that the technique in [11] is used to characterize the departure processes.
Step 2 : For each class , the queue length distribution can be derived from a MMFP/MMFP/1 queue as shown in Fig.2 , with input Ö and modulated service:
The modulated service × ¼ , which is also a MMFP, consists of the guaranteed service rate and the residual service rate seen by class , while assuming all other classes are busy. By solving the de-coupled system, an upper bound on the distribution of the buffer occupancy of class can be found [5] .
000 000 111 111 It should be noted that the LZT bound could be loose in some cases [6] . Its tightness is determined by: 1. how accurately the departure processes are modeled; 2. the number of classes in the system.
Note that , which is a lower bound of the service class receives, is used to characterize the departure process. The output process is also an approximation where the underload states are modeled exactly but all busy states are aggregated into one busy state [11] . Furthermore, (1) is an approximation of the GPS dynamics which in general becomes looser when the number of classes increases. We gave a tighter bound in [6] , which models the finer dynamics of GPS service sharing and generally will not get looser when the number of classes is large. Unfortunately, the technique we discuss here cannot apply to that bound directly.
In [11] , it is argued that the output characterization is accurate when the non-empty buffer probability is lower than ½¼ ¿ , which is not atypical for real-time traffic with a stringent delay requirement. Also in the context of Diffserv [15] , the flows are aggregated and the number of classes is usually small. For such systems, we believe the LZT bound can be reasonably tight for the cases of interest.
C. The Chernoff-Dominant Eigenvalue Approximation for FIFO Systems
Elwalid and Mitra derived the effective bandwidth of MMFP sources in a MMFP/D/1 queue in [13] . Let the system have AE MMFP input sources, and each source have rate matrix £ and generator Å , ½, , AE; and the aggregated traffic be characterized by rate matrix £ and generator Å. To obtain the system's dominant eigenvalue, the following inverse eigenvalue problem is solved:
Since both £ and Å can be decomposed into Kronecker sums of the rate matrices and generators of the individual classes, (2) 
where Ä Ó is the loss in a bufferless multiplexing system, which compensates the statistical gain of multiplexing a large number of sources [11] [12] .
III. THE SCALABLE ALGORITHM AND THE EFFECTIVE BANDWIDTH OF MMFP SOURCES
A. The Scalable Algorithm
The exact analysis of the system in Fig.2 is difficult since the dimension of the state space increases exponentially with number of sources. For example, the generator of the aggregated traffic of AE heterogeneous on-off sources is of the ordeŕ ¾ AE ¾ AE µ. In the case that there is a large number of states, the huge matrices of the system are too unwieldy to handle and numerical problems encountered often make it unsolvable. Hence it is desirable to further decompose the de-coupled system. In this section, we will derive an equivalent system based on the LZT bound that is much easier to solve.
Without loss of generality, assume:
Note that the first two terms on the right hand side are state independent. The drift of logical queue is: 
B. The Chernoff-Bound Prefactor Ä Ó
The system in Fig.3 has Kronecker property and can be decomposed as described in Section II-C. Hence the tail distribution of class 's queue occupancy is of the form Eq.(4). It still remains to determine the prefector Ä Ó .
One straightforward scheme for computing Ä Ó then would be apply the technique in [13] to the scaled equivalent system of Eq.(5). The "hybrid scheme" proposed in [12] can also be applied. Assume the system in Fig.3 have aggregated average rate , aggregated rate and equilibrium probability when the system is in state , Ä Ó is:
C. The Effective Bandwidth Of MMFP Sources
With the results in the previous subsections, and as an extension of [13] , we get the effective bandwidth of class as follows:
Proposition 
The effective bandwidth of class defined here is more complicated than that proposed in [13] . In the latter case, is the function only of the source parameters and its QoS requirements, i.e., it is independent on other classes within the system. GPS provides the ability to differentiate the classes, but also introduces correlation among the classes. In GPS systems, not only depends on class itself, but also depends on all other classes in the system. However, still sheds some light on the property of the GPS system, and may provide heuristic clues to the GPS weight design and admission control. Equation (5) requires much less computational effort than solving the system in Fig.2 directly. In both cases the output processes for the classes should be obtained first. The saving is from the dominant eigenvalue and Chernoff bound computation, because we process much smaller matrices. For example, if all classes are on-off, the modulated service in (1) has ¾ AE ½ states. So the complexity of getting the dominant eigenvalue is of Ç´¾ AE µ for Fig.2 . For the equivalent system, the results in Section II-C can be applied straightforwardly. The dominant eigenvalue Þ is found by numerically solving (3) with iterations, resulting in a complexity of Ç´AEµ. 
IV. NUMERICAL INVESTIGATIONS
In this section we present numerical studies with our technique. The results shown here illustrate the quantitative trends of the technique.
Consider a system with 3 classes where each class consists of Ã on-off sources. The service rate is . The source parameters are given in Table I , where « and ¬ are the transition rates from off to on, and on to off, respectively; is the input rate when the source is on. Table II gives the service rate and the GPS weights of the classes used in Fig.4-7 , where is the GPS weight of class and load ´ ½ · ¾ · ¿ µ . Note that while the examples considered here consists of classes with homogeneous sources, the technique also applies to the case of a class consisting of heterogeneous sources. These bursty sources are also used in [11] , and they are used in modeling Voice over IP for traffic engineering purposes [6] [14] . Fig.4-6 give the analytical results of the tail distributions of the classes, compared with fluid simulations. We increase the number of sources in each class from 10 to 100, and increase the load from 61.8% to 77.7%. Observe that the analytical results are conservative except for the very small buffer region. The analysis becomes more conservative as load increases. Table III gives the numerical values of the decay rates of the tails obtained by simulation and analysis in Fig.4 . They are very close to each other, implying that this technique is asymptotically accurate. We also give the slopes of class 3 in Table IV . It is shown that the analysis decay rates are very close to the simulations in all the cases.
Although the analytical decay rates match the simulations very well, there is still some gap between the analytical and simulated tail curves. This is caused by the approximation error in output characterization and the LZT service bound. An accurate output characterization requires low buffer non-empty probability, i.e., low loads. Even for load as high as 77.7%, the tail distributions are accurate enough for engineering purposes.
Better techniques, which can improve the pre-factor Ä Ó or use multiple-term approximation of the tails [16] , can make the result more accurate. In Fig.7 , we calculate Ä Ó using (6) while keep all other settings the same as Fig.6 . It can be seem that the analysis is much closer to the simulation results.
For the tail distribution of class 1 in Fig.4 , both the rate and generator matrix used for solving the system in Fig.2 directly are of size 616¢616. It takes several minutes to compute the dominant eigenvalue using a computer with a Pentium c III 450MHz CPU. With our technique, we process three much smaller matrices, which are of sizes 11¢11, 7¢7, and 8¢8, respectively. Consequently, it takes far less time to get the tails. Table IV gives the time in seconds used to compute the tail distributions of class 3 for larger systems. Although the system consists as many as 300 sources, it takes the algorithm reasonable time to finish the computations. In some cases, the sources within a class are homogeneous, the state space can be reduced by aggregate equivalent states into one state and exact analysis can be applied. However, in the cases that the classes consist of heterogeneous sources, which is not atypical in Diffserv where different sources are aggregated into a small number of classes [15] , exact analysis is almost impossible. For example, it is impossible to define a matrix with size´¾ Next we study a 3-queue GPS system with two video classes and a voice class. The video model is from [9] Fig.8-10 give the tail distributions of the classes. Again, the analysis results match the simulation results closely. In this paper we present a simple and scalable analytical technique for determining the tail distributions of MMFP sources in a GPS system. The effective bandwidth of the MMFP class is derived and a CAC scheme is designed. Numerical results illustrate the accuracy and efficiency of the technique. More experiments to validate the CAC scheme based on the technique will be presented in our future work. 
